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Abstract
A general model of an irreversible fluid flow system is established, in which
the linear and nonlinear fluid flow resistances and the friction forces of
different types are taken into account. The influence of the piston speed
and friction force on the instantaneous power output and efficiency of the
system is analysed. The instantaneous power output is maximized. The
characteristics of instantaneous power outputs versus efficiency are revealed.
The optimum criteria of some important parameters are given. Some typical
cases are discussed in detail. The results obtained here are general and can
include the important conclusions of the various special cases investigated in
the literature.
1. Introduction
The problem of how to extract power from a fluid flow
system driven from a high pressure reservoir P1 to a low
pressure reservoir P2 is one of the fundamental thermodynamic
problems. Bejan [1–3] first established the irreversible model
of a fluid flow system and considered the influence of the
linear flow resistances on the instantaneous power output of the
system. He proved that for a fluid flow system without friction,
a piston delivers maximum power when the pressure difference
across its faces is (P1 − P2)/2 and the energy conversion
efficiency at the maximum power is ηP = (1 − P2/P1)/2,
as an analogue to the efficiency at the maximum power of the
chemical engines [4, 5], ηP = (1 − µ2/µ1)/2, where µ1 and
µ2 are the chemical potentials of two mass reservoirs [6, 7].
These results were generalized to the fluid flow system with a
constant friction force or with nonlinear relations of pressure
drop versus flow rate. Chen et al [8] re-analysed the influence
of the nonlinear fluid flow resistances on the instantaneous
power output of a fluid flow system without friction and derived
some significant conclusions. In a practical fluid flow system,
the friction force is usually dependent on the speed of the fluid
flow. Thus, it is very necessary and significant to establish
a general model of a fluid flow system that can include the
friction forces of different types.
In the present paper, a general model of a fluid flow
system is established on the basis of Bejan’s model [1], in
which the different fluid flow resistances and friction forces
are considered. The influence of the piston speed and friction
force on the performance of the system is researched in
detail. The general performance characteristics of a fluid flow
system affecting the fluid flow resistance and friction force
are revealed. The results obtained here are more general than
those derived in the literature [1,8] and can be directly used to
discuss the various typical cases of a fluid flow system.
2. An irreversible fluid flow system
Consider the piston and cylinder apparatus shown in figure 1
[1], where A and Af are the piston frontal area and lateral
(friction) area, V is the instantaneous speed of the piston, P1C
and P2C are the pressures of the working fluid on the left and
right chambers of the piston and P1 and P2 are the pressures
of the two reservoirs, respectively. Because of the existence of
the flow resistance, the working fluid experiences a pressure
drop (P1 − P1C) as it is admitted from the reservoir P1 to the
chamber on the driven side of the piston. Similarly the fluid
ejected from the chamber positioned on the driving side of the
piston experiences another pressure drop (P2C−P2). A general
model that relates the pressure drops to the instantaneous flow
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Figure 1. The schematic diagram of an irreversible fluid flow
system.
rate is [1]
P1 − P1C = R1V n (1)
and
P2C − P2 = R2V n, (2)
where 1  n  2 and R1 and R2 are two constant coeffi-
cients that depend on duct geometry and fluid properties.
The n exponent increases as the Reynolds number increases.
Similarly to the general heat transfer law [9–11], the different
values of n may be chosen for different systems. For example,
when n = 1, equations (1) and (2) correspond to the linear
model that is appropriate for laminar flow such as in capillary
ducts for micromechanical energy converters.
The piston moves with friction under the pressure
difference (P1C − P2C) maintained across its two faces and
the instantaneous power delivered by the piston to an external
system is
Ẇ = (P1C − P2C)AV − Ẇf , (3)
where Ẇf is the instantaneous dissipation power resulting from
friction and its expression may be given by
Ẇf = kf V m, (4)
where kf is a proportional coefficient and m is a positive
number. The generality of equation (4) lies in the fact that
when a different value of m is chosen, it represents a different
friction law. For example, when m = 1, the friction force
is a constant and independent of the speed. In such a case,
kf = Afµ/δ, where µ is the viscosity of the lubricant and δ is
the relative motion gap of the thickness [1]. When m = 2,
the friction force is proportional to the speed [12]. When
m = 3, the friction force is proportional to the square of
the speed.
The reservoir pressures P1 and P2 are two fixed constants
and P1C and P2C depend on the piston speed. Substituting
equations (1), (2) and (4) into equation (3), we obtain the
expression of the instantaneous power output as
Ẇ = (P1 − P2)AV − (R1 + R2)AV n+1 − kf V m. (5)
Because the power input from the reservoir P1 to the chamber
is P1AV , the expression of the energy conversion efficiency
can be expressed as
η = P1 − P2
P1
− R1 + R2
P1











where ηmax = 1 − P2/P1 is the efficiency of the system when
the friction and flow resistances are neglected and Vmax =
[(P1−P2)/(R1 +R2)]1/n is the (nonzero) piston speed at which
Ẇ = 0 when the friction is neglected.










































Figure 2. The instantaneous power output versus piston speed
curves for (a) n = 1 and (b) n = 2, where VP is the piston speed at
the maximum instantaneous power output. The four curves indicate
the cases of f = 0.02 × 4(m−1)/nn and 0, respectively.
3. The influence of the piston speed
It is seen from equation (5) that the instantaneous power output
is not a monotonic function of V . When V = 0, Ẇ = 0.
When V = Vmax, Ẇ  0. It implies the fact that there exists
a maximum for the instantaneous power output, as shown in
figure 2, where
Ẇ 0max = A[n/(1 + n)](P1 − P2)1+1/n/[(1 + n)(R1 + R2)]1/n
(7)
is the peak value of Ẇ for kf = 0 and
f = {kf /[A(P1 − P2)]}[(P1 − P2)/(R1 + R2)](m−1)/n. (8)
Figure 2 shows clearly that when the piston speed is equal to
VP, the instantaneous power output attains its maximum. From
equation (5), one can easily prove that VP is determined by the
following equation:
1 − (n + 1)xn − mf xm−1 = 0 (9)
and that the corresponding parameters (P1C)P and (P2C)P are
given by
(P1C)P = P1[1 − ηmaxR1xn/(R1 + R2)] (10)
and
(P2C)P = P2{1 + [ηmax/(1 − ηmax)]R2xn/(R1 + R2)}, (11)
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Figure 3. The efficiency versus piston speed curves for (a) n = 1
and (b) n = 2. The four curves indicate the cases of
f = 0.02 × 4(m−1)/nn and 0, respectively.
where x = VP/Vmax. Figure 2 also shows that the
instantaneous power output will decrease as f increases for
other given parameters. It is very natural. Because f is
proportional to the friction coefficient, the dissipation power
resulting from friction will increase as the friction coefficient
increases, so that the instantaneous power output will
decrease.
It is clearly seen from equation (6) that the efficiency is
a monotonically decreasing function of V and f , as shown in
figure 3. When V = 0, the efficiency attains its maximum,
but the instantaneous power output is equal to zero. Thus, it
is necessary to discuss the relation between the instantaneous
power output and the efficiency of the system.
4. The instantaneous power output versus efficiency
characteristics
Using equations (5) and (6), one can generate the instantaneous
power output versus efficiency curves, as shown in figure 4,
where ηP is the efficiency at the maximum instantaneous power
output. Figure 4 shows clearly that when Ẇ < Ẇmax, there are
two different efficiencies for a given Ẇ , where one is smaller
than ηP and the other is larger than ηP. Obviously, one always
wants to obtain an efficiency as large as possible for a given












































Figure 4. The instantaneous power output versus efficiency curves
for (a) n = 1 and (b) n = 2, where ηP is the efficiency at the
maximum instantaneous power output. The four curves indicate the
cases of f = 0.02 × 4(m−1)/nn and 0, respectively.
Ẇ . Thus, the optimal efficiency of the system should be
ηP  ηopt < ηmax. (12)
It is thus clear that ηP is an important parameter of a fluid
flow system. It determines the lower bound of the optimal
efficiency. According to equation (12), one can determine the
optimal range of the piston speed, i.e.
0 < Vopt  VP (13)
and the optimal range of the pressures of the working fluid on
the left and right chambers of the piston, i.e.
P1 > (P1C)opt  (P1C)P (14)
and
(P2C)P  (P1C)opt > P2. (15)
Obviously, VP is another important parameter of a fluid flow
system. It determines the upper bound of the optimal piston
speed and the bounds of the optimal η, P1C and P2C. In
general, the values of Ẇmax, VP, ηP, (P1C)P and (P2C)P may be
calculated numerically from equations (5), (6) and (9)–(11).
However, for several special cases, one can obtain the analytic
expressions of these important parameters.
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5. Several typical cases
5.1. Without friction
When the friction force is negligible, f = 0. It is just the
case discussed in [1, 8]. In such a case, equations (5), (6) and
(9)–(11) may be, respectively, simplified as
Ẇ/Ẇ 0max = (1 + n)1+1/n(V/Vmax)[1 − (V/Vmax)n]/n, (16)
η/ηmax = 1 − (V/Vmax)n, (17)
VP = Vmax/(1 + n)1/n =
[
P1 − P2
(1 + n)(R1 + R2)
]1/n
, (18)
(P1C)P = P1{1 − ηmax[1/(1 − n)][R1/(R1 − R2)]}, (19)
and
(P2C)P = P2{1 − [ηmax/(1 − ηmax)][1/(1 − n)]
×[R2/(R1 − R2)]}. (20)
From equations (17) and (18), one obtains the efficiency at the
maximum power output W 0max as
ηP = ηmaxn/(1 + n). (21)
Equations (7) and (16)–(21) are completely identical to those
derived in [8].
5.2. Constant friction force
When the friction force is equal to a constant, m = 1 and
f = kf /[A(P1 − P2)]. Equations (5), (6) and (9)–(11) may
be, respectively, simplified as
Ẇ/Ẇ 0max = (1 + n)1+1/n(V/Vmax)[1 − (V/Vmax)n − f ]/n,
(22)
η/ηmax = 1 − (V/Vmax)n − f, (23)
x = [(1 − f )/(1 + n)]1/n, (24)
(P1C)P = P1{1 − ηmax[(1 − f )/(1 + n)][R1/(R1 + R2)]},
(25)
and
(P2C)P = P2{1 + [ηmax/(1 − ηmax)][(1 − f )/(1 + n)]
×[R2/(R1 + R2)]}. (26)
It is directly derived from equations (22)–(24) that the
maximum power output
Ẇmax = Ẇ 0max(1 − f )1+1/n (27)
and the corresponding efficiency
ηP = ηmax(1 − f )n/(1 + n). (28)
Obviously, Ẇmax < Ẇ 0max, as shown in figures 2 and 4. When
n = 1, the results derived here are the same as those obtained
in [1].
6. Variable friction force
The friction force is usually dependent on the speed. One of
the most typical cases is that the friction force is proportional
to the speed, i.e. m = 2. In such a case,f = [kf /A(P1 −
P2)][(P1 − P2)/(R1 + R2)]1/n and equations (5), (6) and (9)
may be, respectively, simplified as
Ẇ/Ẇ 0max = (1 + n)1+1/n(V/Vmax)[1 − (V/Vmax)n
−(V/Vmax)f ]/n, (29)
η/ηmax = 1 − (V/Vmax)n − (V/Vmax)f, (30)
and
1 − (n + 1)xn − 2f x = 0. (31)
When n = 1, one can obtain
x = 1/(2 + 2f ), (32)
Ẇmax = Ẇ 0max[1/(1 + f )], (33)
ηP = ηmax/2, (34)
(P1C)P = P1{1 − ηmax[1/(2 + 2f )][R1/(R1 + R2)]},
(35)
and
(P2C)P = P2{1 + [ηmax/(1 − ηmax)][1/(2 + 2f )]
×[R2/(R1 + R2)]}. (36)
When n = 2 one can obtain
x = (−f +
√
3 + f 2)/3, (37)
Ẇmax = Ẇ 0max
√
3(−2f 3 + 2f 2
√




ηP = ηmax(f 2 − f
√
3 + f 2 + 6)/9, (39)
(P1C)P = P1{1 − ηmax[(−f +
√
3 + f 2)/3][R1/(R1 + R2)]},
(40)
and
(P2C)P = P2{1 + [ηmax/(1 − ηmax)][(−f +
√
3 + f 2)/3]
×[R2/(R1 + R2)]}. (41)
For other values of n, one can determine the maximum power
output and the corresponding parameters through numerical
calculation.
The other interesting case that one can obtain some
analytic expressions is that the friction force is proportional
to the square of the speed, i.e. m = 3. In such a case,f =
[kf /A(P1 − P2)][(P1 − P2)/(R1 + R2)]2/n and equations (5),
(6) and (9) may be, respectively, simplified as
Ẇ/Ẇ 0max = (1 + n)1+1/n(V/Vmax)
×[1 − (V/Vmax)n − f (V/Vmax)2]/n, (42)
η/ηmax = 1 − (V/Vmax)n − f (V/Vmax)2, (43)
and
1 − (n + 1)xn − 3f x2 = 0. (44)
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When n = 1, one can obtain
x = (−1 +
√
1 + 3f )/(3f ), (45)
Ẇmax = Ẇ 0max4(6f
√
1 + 3f − 9f
+2
√
1 + 3f − 2)/(27f 2), (46)
ηP = ηmax(6f −
√
1 + 3f + 1)/(9f ), (47)
(P1C)P = P1{1 − ηmax[(−1 +
√
1 + 3f )/(3f )]
×[R1/(R1 + R2)]}, (48)
and
(P2C)P = P2{1 + [ηmax/(1 − ηmax)][−1 +
√
1 + 3f /(3f )]
×[R2/(R1 + R2)]}. (49)
When n = 2, one can obtain
x = 1/(3 + 3f )1/2, (50)
Ẇmax = Ẇ 0max[1/(1 + f )1/2], (51)
ηP = 2ηmax/3, (52)
(P1C)P = P1{1 − ηmax[1/(3 + 3f )1/2][R1/(R1 + R2)]} (53)
and
(P2C)P = P2{1 + [ηmax/(1 − ηmax)][1/(3 + 3f )1/2]
×[R2/(R1 + R2)]}. (54)
7. Discussion
It is very significant to note the fact that the power output is
always a monotonically decreasing function of the efficiency
when the system is operated in the optimal region. It is thus
clear that the power output and efficiency must be considered
simultaneously for a fluid flow system. Equations (5) and (6)
just provide some theoretical bases for the question of how to
reasonably choose the two parameters.
For example, when one pays equal attention to both the
power output and the efficiency, the multiplication
Ẇη = (Ẇ 0maxηmax)(1 + n)1+1/n(V/Vmax)
×[1 − (V/Vmax)n − f (V/Vmax)m−1]2/n (55)
may be taken as an objective function. It is found for the system
without friction that when the piston speed
V = n
√
1/(2n + 1)Vmax, (56)
the multiplication Ẇη attains its maximum,
(Ẇη)max = (Ẇ 0maxηmax)[(1 + n)1+1/n/(2n + 1)1/n]
×[2n/(2n + 1)]2/n. (57)
In such a case,
Ẇ/Ẇ 0max = 2[(n + 1)/(2n + 1)]1+1/n (58)
and
η/ηP = (2n + 2)/(2n + 1). (59)
It is seen from equations (58) and (59) that although Ẇ at the




When the friction force is considered, it can be easily
proved for the special systems of m = n + 1 that when the
Table 1. The values of some important parameters at the maximum
Ẇη.
n m Ẇ/Ẇmax η/ηP
1 2 3 1 2 3
1 1 0.887 86 0.889 32 0.890 67 1.334 7 1.332 7 1.330 6
2 0.887 89 0.889 40 0.890 92 1.334 8 1.332 6 1.330 4
3 0.897 68 0.899 27 0.900 86 1.299 8 1.297 5 1.295 2
2 1 0.928 24 0.929 30 0.930 36 1.202 3 1.201 1 1.199 6
2 0.926 54 0.927 61 0.928 68 1.206 8 1.205 4 1.204 0




1/[(1 + f )(2n + 1)]Vmax, (60)
the multiplication Ẇη attains its maximum,
(Ẇη)max = (Ẇ 0maxηmax){(1 + n)1+1/n/[(1 + f )(2n + 1)]1/n}
×[2n/(2n + 1)]2/n. (61)
In such a case,
Ẇ/Ẇmax = 2(n + 1)1+1/n/[(1 + f )1/n(2n + 1)1+1/n] (62)
and
η/ηP = (2n + 2)/(2n + 1). (63)
It is of interest to note that equation (63) is identical to
equation (59) although equations (60)–(62) are, respectively,
different from equations (56)–(58). It shows clearly that for
the two different systems mentioned above, the efficiency at
the maximum Ẇη is the same.
For the general cases, we can determine the values of
some important parameters at the maximum Ẇη, as listed in
table 1. It is seen from table 1 that although Ẇ at the maximum
Ẇη is smaller than Ẇmax, η is lager than ηP and (Ẇη)max >
ẆmaxηP.
To sum up, the model of a fluid flow system established
by Bejan [1–3] is generalized to a more general model, from
which some significant results are obtained. Besides turbines,
compressors and humps described by Bejan, these general
results may be applied to some new practical systems of the
fluid flow, which will be further researched.
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